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nation of the level one Demazure characters of the non-simply
laced algebra.
© 2021 The Authors. Published by Elsevier Inc. This is an
open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

0. Introduction

In 1987, I.G. Macdonald introduced a family of orthogonal symmetric polynomials
Py(z,q,t), 2 = (21,...,2n+1) which are a basis for the ring of symmetric polynomi-
als in C(q,t)[z1,...,2n+1]); here X varies over the set of partitions of length at most
n + 1. These polynomials interpolate between several well-known families of symmetric
polynomials such as the Schur polynomials Py (z,0,0), the Hall-Littlewood polynomials
Py(z,0,t) and the Jack polynomials to name a few. The subject has deep connections
with combinatorics, geometry and representation theory and there is a vast literature on
the subject.

In this paper we shall be interested in the connection between the specialized Macdon-
ald polynomials Py(z,q,0) and the representation theory of the affine Lie algebra ;[n+1-
Such a connection was first shown to exist in [23] and we discuss this briefly. Fix a Borel
subalgebra b of ;[n“, let A; 0 < i < n be a corresponding set of fundamental weights
and let V' (A;) be the associated integrable highest weight representation of f/l\[n_i,_l. Given
a partition A or equivalently a dominant integral weight of sl,, 11 there exists an element
w of the affine Weyl group and 0 < i < n such that wowA; = (A + Ag) where w, is the
longest element of the Weyl group of sl,, 1. The main result of [23] shows that Py(z,¢,0)
is the character of the b-module generated by the one-dimensional subspace Vi, (A;) of
V(A;). This family of Demazure modules is special since the modules admit an action
of the standard maximal parabolic subalgebra. (We remind the reader that the derived
subalgebra of the standard maximal parabolic is also called the current algebra of sl,11;
i.e., it is the subalgebra of f/:\[nH consisting of polynomial maps C — sl,,11.) This result
was later extended in [14] to twisted affine Lie algebras and the untwisted affine Lie
algebras associated to a simply-laced simple Lie algebra. The result was known to be
false for the affine algebras associated to the non-simply laced Lie algebras.

Recently it was shown in [5] that Py(z,q,0) can in fact be realized as the character
of a suitable module for the current algebra associated to a non-simply laced simple Lie
algebra. This module has the corresponding Demazure module as a (possibly) proper
quotient. One of the goals of this paper is to give explicit recurrences and closed formulae
for the character of a level two Demazure module. One approach to the problem is to use
the idea of Demazure flags which was first introduced and developed in [16]. It was further
studied in [22] where it is shown that in the case of B, C,, Fy it suffices to study the
relationship between level one and level two Demazure modules for affine sl,,11. (In the
case of G5 one also has to understand level three modules for A;; this was done in [1], [§],
and we will say no more about it in this paper.) The level two modules are also modules
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for the current algebra, are indexed by dominant integral weights A and are b-submodules
of V(A;+A;); here 0 <4, j < n and w are chosen so that wow(A; +A;) = (A+2Ap). As a
consequence of the main result of this paper, we give explicit formula for the specialized
Macdonald polynomials associated to root systems of type B, C, F in terms of the level
one affine Demazure modules for the associated affine Lie algebra.

The level two Demazure modules for affine sl,, 11 also appear in a completely different
context. They are the classical limit of an important family of modules for quantum
affine sl,, ;. These modules occur in the work of [12], [13], and we refer the reader to
Section 1.7 for further details. Not much is known about the structure of these modules
for the quantum affine algebra. Our results show that their character is given by the
polynomials G »(z, ¢).

To understand the characters of level two Demazure modules it is best to work in a
more general framework. Thus we define a family of (finite-dimensional) modules M (v, \)
(see [24]) for the current algebra of sl,+1 which are indexed by two dominant integral
weights and interpolate between level one and level two Demazure modules. The graded
characters of these modules are precisely the polynomials G, x(z,¢). Although in this
paper we only consider the case of s, 1 and level two, the definitions we give go through
in a straightforward way to other simple Lie algebras and higher levels. However, the
representation theory becomes much more difficult and is still relatively undeveloped.

The paper is organized as follows. In Section 1 we define the polynomials G, x(z, q) (see
equations (1.3) and (1.4)) in terms of Macdonald polynomials (of type A,) and state the
main theorem. We explain in some detail in Section 1.7 the motivation and the methods
used to prove the main results and discuss possible further directions. In Section 2 we
introduce the modules M (v, A) and study their graded characters. In Section 2.4 we
explain the key steps in deducing the main theorem of this paper. In the remaining two
sections of the paper we prove the key step and give explicit formulae for the specialized
Macdonald polynomials in term of the polynomials Gy \ and vice-versa.

Acknowledgments. The second author thanks Matheus Brito for many helpful discus-
sions. She is grateful to Bogdan Ion for comments on a preliminary version. The authors
thank S. Viswanath for several comments which improved the overall exposition of the
paper. We thank the referee for their careful reading of the paper and their many helpful
comments.

1. The main results
Let C, Z, Z, and N be the set of complex numbers, integers, non—negative integers

and positive integers respectively. For i,j € Z with ¢ < j we let [i,5] ={i,i +1,...,j}.
Given an indeterminate g and n,r € Z set

, 0<r<n,

- {n] _ nlgln —1]g...[n—r+1],
sl q [1q[2]g - - - [r]q
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K)L] =1, ne’Z,, {n} =0 unless {n,r,n—r} CZ,.
r
q q

1.1.  Let g be the simple Lie algebra sl,, 11 and let h be a fixed Cartan subalgebra
with basis elements {h; : 1 <i <n}. Fix a set {a; : 1 < i < n} of simple roots for (g, h)
and a corresponding set {w; : 1 <7 < n} of fundamental weights. It is convenient to set
wo = Wp4+1 = 0. Let

R+:{ai,j =0 + Qi1+ ..+ ISZSJS’II},
be the set of positive roots. Let @, P (resp. @, PT) be the Z-span (resp. Z-span) of
the set of simple roots and fundamental weights respectively. Define a partial order <

on P by: p < X if and only if A — u € Q. Define functions ht : P — Z and ht, : Q — Z
by

hti?"iwi = zn:ri, htr isiai = isi. (11)
i=1 i=1 i=1 i=1

Let (, ): P x P — Q be the symmetric bilinear form defined by setting (w;, aj) = 9, ;

,

and set
Py ={AeP":(\a) <1 forall 1<i<n}.
Equivalently,
PH(1) ={wiy, + - +wiy, 1<id <ip<---<ip<n}

In the rest of the paper we shall write (often without further mention) an element
A€ Pt oas a sum A =2X\g + A1 with \g € Pt and A\ € PT(1).

1.2. The polynomials p\(q) and Gy, (2, q)

Given an indeterminate ¢ and A, u € P* define p} € Z[q] by

1 & )‘ K Wy + Mo,
p‘;(q):qz(/\‘ﬂil, A=) H|: J ( ]) s =20 + p1-

(A =, w5) q
Notice that p} =1 and p§ = 0if A — u ¢ Q. Moreover,

At p, A=) = (A=, A = p) +2(p — po, A — p) € 2Z, if A—peQT,

and in particular p € Z4 [q] as asserted. It will be convenient to extend the definition
by setting p\ = 0 if A or p are in P\ P+.
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Given A € PT and a set of indeterminates z = (21,...,2,+1) let sx(2) and Py(z,q,0) be
the associated Schur polynomial and the specialized Macdonald polynomial respectively.
Recall that the Schur polynomials are a basis for the ring of symmetric polynomials

Clz1,- .., 2n+1] while the specialized Macdonald polynomials are a basis for the ring of
symmetric polynomials in C(q)[z1,. .., 2nt1] (see [21]).
Define elements G (z, q) € Clg][z1,- - -, 2n+1] recursively by requiring,

nept

Since pi = 0 if p £ A, it follows that

Pwi(Z>Q7O> = GUJi(Z7Q) = swi(z)’ i€ [0771], PA(Z7q70) = GA(%Q) + ZPKGH@:aq)'
<A

A straightforward induction on the partial order on P proves that Gy(z,q) € Clq][z]
and so the elements {G)(z,q) : A € P*} are also a basis for the ring of symmetric
polynomials in C(g)[z1,. .., 2n+1]. Hence there exists a subset {a} : p € Pt} C C(q)
such that

ay=1, ay =0 if \—p¢QT,
satisfying

Ga(z:0) = Y ah(9)Pu(,,0) and Y apl=dr,= Y phal.  (1.3)

pepPt pnepPt pnept

Given a pair of elements v, A € P set

Gun(za) = 3 a0l (@) P(2,4,0), (1.4)
peP+

where we understand that a\™" = 0 if p — v ¢ P*. Notice that

GV,O(Z7 q) = PI/(Za Q7O)a GO,)\(Za q) = G/\<Za q)

Here the second equality is obvious while the first equality follows since a = 1 and
ay " #0only if p—v € PT and v — p € Q" which is possible only if v = p.

1.8. The main result
For p € PT\ {0}, set

max ¢ = max{i € [1,n] : u(h;) > 0}, miny = min{i € [i,n] : p(h;) > 0}.
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In what follows we shall understand that if ;4 = 0 then max g = min g4 = 0. We say that
a pair (v,\) € Pt x PT is compatible if one of the following hold: writing v = 2vg + v,
either,

e )\ =0, or

e )\; # 0 in which case we must have vy = w; for some i € [0,n] and maxv; < min ;.
If in addition ¢ > 1 (equivalently vy # 0) then we require i < min A; — 1 and v4(h;) =
vi(hit1) = 0.

A symmetric polynomial in C(q)[z1,...,2n+1] is Schur-positive if it is in the Z[q]
span of {s, : p € PT}. The following is one of the main results of this paper.

Theorem 1. For a compatible pair (v,\) € PT x Pt the polynomial G, (z,q) is Schur
positive.

We also give a closed formula for the polynomials a’. Unlike the polynomial p§ which
is non-zero for all p € PT with g < X, the polynomials af are non-zero on a much
smaller set and the statement requires some additional definitions; the formulae can be
found in Section 3 (see also Section 2.4 and equations (3.6), (3.8)).

1.4. To prove Theorem 1, we introduce a family of graded finite-dimensional modules
M (v, A) for the standard maximal parabolic subalgebra of affine sl,, ;. These interpolate
between the local Weyl module M (v,0) = Wi,.(r) and the level two Demazure module
M(0,\) = D(2,\). The graded characters of the modules M (v,0), v € P* (resp. M (0, \),
A € PT) are linearly independent and their C[g]-span contains the graded character of
M (v, A). The representation theoretic version of Theorem 1 is the following. Given two
graded g[t]-modules My, s = 1,2, let My x My denote the fusion product (or graded
tensor product) defined in [11]; we have included the definition in Section 2.7 for the
reader’s convenience.

Theorem 2. Suppose that (v,\) € PT x P is a compatible pair. Then,
chge M(v, A) = Gya(2,0). (15)
Moreover, we have an isomorphism of g[t]-modules
M, \) = M(v,0) * M(0,\).
Corollary. For (v, \) is compatible, we have
Gua(z,1) = GLo(z,1)Go (2, 1). (1.6)

Proof of Corollary. Regarded as a g—module it follows from the preceding theorem and
the definition of the fusion product that
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M(v,\) =4 M(v,0) ® M(0,\).

On the other hand the theorem also gives that G, (z,1) is precisely the g-character of
M (v, A). The corollary is now immediate. O

1.5. Outline of Proof of Theorem 2

Using the linear independence of the characters, we can write
> b chg M(0, 1) = chy M(v,A) = > gl (q) chge M(p,0),
HEPT peEPt
9y (), 1, 5 (q) € Clg].
In Proposition 2.5 we establish certain short exact sequences involving the modules

M(v,\) with (v, \) compatible. The second assertion of Theorem 2 is established in
Corollary 2.8.

To prove (1.5) we use the results of Section 2 and show in Lemma 3.1 that the polynomials
g\ and hl | for (v, \) compatible satisfy certain recursions. In Section 3 and Section 4
we solve these recursions and in particular obtain that

[’} v (WA v—p) p—v
0=Dv, Gux=4d Jox -

Together with the results in [6], [23] this leads (see Section 2.4) to a proof of the equality
in (1.5) and then the proof of Theorem 1 is essentially immediate.

1.6. Examples

We give some explicit examples of G, (2, ¢) in terms of Schur polynomials.
Suppose that g = sl3. Then,

Gowr4ws = Switwss
G020, +2ws = S2w1+2ws + TSwr+ws + 7250,
G020, +3ws = 5261 +3ws T+ 4[2]qSwi +2ws + @*89u, + qz[z]quz + 483w, +was
G0 3014802 = S3u1+30s + A(S401 1wz + S 44ws) + (267 + 9) 520, 120,
+q2 [2]4(83w, + S3w,) + <Q[2}q)23w1+w2 + q350>

2
Gw1+w2,2w2 = Swi+3ws T §52w1+ws T+ 4" Swy T q[Q]q82w2'

Suppose that g = sly. Then,

GO,w1+w2+w3 = Swi4wstws T ¢Swys

2
G0,2w1+w2+w3 = 52w +watws T q(5w1+2w3 + SUJ1+UJ2) + 4" Sw;-
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Suppose that g = sl5. Then,

Gowiws = Switwas
G _ 2
0,2w1 +2ws = S2w1+2wy + qSwi+wy + q S0,
Go,wl Fwatws = Swidwatws T qSws-

We give some examples where G,  is Schur positive for non-compatible pairs (v, \).
In the case of sl; we have

G2w1,w1+w2 = S3w1+w> + Q[2]q(sw1+2w2 + 52w, + qst)'

In the case of sl, we have

2
GUJg,UJ1+UJ2+w3 = Swifwa+2ws T q(82w1+w3 + Sw1+2w2) +q"Sw, + q[Q]q8w2+w37
Gw2,w1+w2+w3 = Swi+2wotws T q(82w1+2w3 + S2w; +wy T 8w2+2w3)
2 3
+ q[Q}qSng + 2q sleron + q S0,

2
Gm,m—&-w-&-ws = S52uw; wotws T Q(52w2+ws + 5w1+2w3) + Q[ﬂqswl tws T 4" Sws-
For sl5, we have
Gwl,w1+w4 = 52w 4w, T q<5w2+w4 + SWI)’

Gw1+w27w1+w4 = 5201 +watws T q(s3w1 + 82w1+w4) + q[2]q(8w1+w3+w4 + qsws)

+¢°$20, + (26 + @) Suoy +wn -

We also give some explicit examples of G, »(z,¢) (and hence also formulae for ay) in
terms of Macdonald polynomials in the case of g = sl3. Thus, we have

— ; witws _ 0 —
GO,w1+w2 (zv Q) - PUJ1+LU2 (Zﬂ q7 0) - qPO(Z’ q)? L.e., awi{»w; - aw1+w2 - _q7
_ 2 : wi+3wa __ 2witws 2
Gw1+w2,2w2 (27(]) = Pw1+3w2 (Za Q> —4q P2w1+w2 (Za Q)7 Le. a2i}2 =1, a’2o.); P=—q

Note that the af alternates in sign.

1.7.  We explain in some detail the motivation for these results and assume for just
this discussion, that g is an arbitrary simple Lie algebra. As discussed in the introduc-
tion, it was shown in [14,23] that the specialized Macdonald polynomial Py(z, g, 0) is the
character of a Demazure module occurring in a fundamental integrable highest weight
representation of the affine Lie algebra associated to a simple Lie algebra of type A, D, E.
The graded characters of Demazure modules occurring in higher level integrable repre-
sentations are not very well understood. There are combinatorial results for weights of
the form 7\ for some r € Z and A a dominant integral weight for g (see for instance
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[17-20]). However, in this paper we are interested in the study of level two Demazure
modules which are not of this type. This interest arises from the connections with cluster
algebras and monoidal categorification (see [2,12,13]). It was shown in [3] that the clas-
sical limit ¢ — 1 of the representations corresponding to a cluster variable in a cluster
algebra of type A, is a level two Demazure module. This is one motivation for our study
since our results show that the character of the irreducible representation of the quantum
affine algebra is given by the polynomials G x(q,2), A € P*(1).

Another reason to be interested in this problem comes from the connection with Mac-
donald polynomials associated to root systems of simple Lie algebras of type B, C, F,G.
For these algebras it has long been known that the Macdonald polynomial is “too big” to
be the character of the Demazure module. It was shown recently in [5] that for these al-
gebras the Macdonald polynomial is the character of a family of modules called the local
Weyl modules. These modules denoted W),.(A), are defined for all simple Lie algebras
and are indexed by the dominant integral weights of the underlying simple Lie alge-
bra. Like the Demazure modules they are modules for the standard maximal parabolic
subalgebra of the affine Lie algebra or the current algebra. In types A, D, E the Weyl
and Demazure modules coincide (see [6], [11]), but in other types the corresponding
Demazure module can be a proper quotient of the local Weyl module.

A study of the relationship between the local Weyl modules and the level one De-
mazure modules in the non-simply laced case was initiated by K. Naoi in [22] and we
now discuss his results. Let p be a dominant integral weight for a simple Lie algebra
of type X,, and D(1, ) a Demazure module occurring in a level one integrable high-
est weight representation of the affine Lie algebra of type Xf,l) where X € {B,C, F}.
Naoi proved that if p is zero on the short simple roots then the local Weyl module is
isomorphic to a level one Demazure module. Otherwise, he showed that the local Weyl
module admits a non-trivial flag whose successive quotients are isomorphic to level one
Demazure modules. The modules in question are all graded and hence one can define
the graded multiplicity of the module D(1, u) in Wiee(A), denoted [Wiee(N) : D(1, p)].
This multiplicity is obviously zero if u £ .

Naoi’s next result related this graded multiplicity to a problem in type A. Let us € P
be the element defined by

0 if ; is a long root,
pis(hi) = . .
w(h;) if a is a short root.

We also regard us as a dominant integral weight for the simple Lie algebra gy which
is generated by the short simple roots. Note that gy is of type Ay if X,, = B,, of
type Az if X4y = Fy and of type A, if X,, = C). Let W _(us) and D*(2, ) be
the local Weyl module (equivalently the level one Demazure module) and the level two
Demazure module associated to the untwisted affine Lie algebra gs. Naoi proved that
the module W _()As) admits a flag whose successive quotients are level two Demazure
modules D?(2, us) and moreover,
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(Wioc(A) = D(1, )] = ON—Aapi—pis (Wise(As) = D*(2, ps)]-

Together with Naoi’s results, Theorem 1 of this paper can be reformulated as asserting
the following: if g is of type B, C, F' then

P)\(Z,q,()) = Z 5u—us,>\—)\spl,<: Chgr D(l,ﬂ).
p<A\,pePt

The preceding formula is clearly invertible since the transition matrix (between the
basis of the local Weyl modules and the Demazure modules) is upper triangular with all
diagonal entries being 1. In particular our result gives a formula for the graded character
of the level one Demazure module when g is not simply laced in terms of Macdonald
polynomials. This finally completes the picture begun in [14,15,23].

1.8. There are some obvious questions that can be raised. For instance, one could
define the polynomials G, , in the same way for other simple Lie algebras and ask if they
arise as the graded character of some module. Another question would be to ask if there
is some general framework in which to study polynomials which interpolate between
characters of higher level Demazure modules. In fact, one can define suitable analogs of
the modules M (v, 11) to address these questions. In this paper, the input coming from the
representation theory of quantum affine sl,, 11 [2,3,12,13] has been critical. The analogs
of these results are not known, however, and are not easily formulated for the other
quantum affine algebras or for higher level Demazure modules (see however [4]). We
hope to return to these ideas elsewhere.

2. The modules M (v, \)

We recall the definition of the current algebra associated to sl,;1. We also recall
several results on their representation theory which are needed for our study. We then
introduce the modules M (v, \) and explain in Section 2.4 how the study of these modules
leads to the proof of Theorem 1. In the rest of the section we study the graded characters
of these modules and show that they satisfy certain recursions.

2.1. The current algebra sl,11[t]

Let ¢ be an indeterminate and C[t] the polynomial ring with complex coefficients.
Denote by glt] the Lie algebra with underlying vector space g ® C[t] and commutator
given by

[a®f7b®g] = [aab]®fgv aab€g7 f,gE(C[t]

Then g[t] and its universal enveloping algebra admit a natural Z-grading given by
declaring a monomial (a; ® t") ... (a, @ t"?) to have grade r1 + ...+ rp, where as € g
and rs € Z4 for 1 < s < p. We freely identify the subspace g ® 1 with the Lie algebra g.
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We shall be interested in the category of finite-dimensional Z—graded modules for gt].
An object of this category is a finite-dimensional module V for g[t] with a compatible
Z—grading,

V:@V[s}, (x@t")V[s|]CVr+s], x€g, r€Zy.
SEZL

For s € Z, clearly V([s] is a g-module. For any p € Z let 7,V be the graded g[t]-module
which is given by shifting all the grades up by p and leaving the action of g[t] unchanged.
The morphisms between graded modules are g[t]-module maps of grade zero.

Let Z[q,q*][P] be the group ring of P with basis {e(u) : u € P} and coefficients in
Z[q,q™']. Any finite-dimensional g-module V can be written as,

Vz@vu, Vo={veV:hv=pu(h)v, heb},
pnerP

and the character of a g-module V' is the element ch V' =3~ dim V), e(u) of Z[P]. The
irreducible finite—dimensional g-modules are indexed by elements of P*, and given \ €
P* we let V()) be an irreducible module corresponding to A. Setting z; = e(w; — w;—1),
1 <i<n+1,a classical result asserts that ch V() is just the Schur polynomial s)(2).
If V is a graded g[t]-module, let

chg, V = Z ¢°chVis] = Z (Z dim Homg(V (), V[s])qs> ch V().

SEZL nePt \seZ

2.2. The modules M (v, \)

We recall the definition of a family of modules M (v, \) which were introduced and
studied in [24]. Fix a Chevalley basis {xfj, hi:1<i<j<n}forgand let x;t] = xji,
hij=hi+...+h;jforalll1 <i<j<n.

For v,A € Pt with A = 2\ + A1, let M (v, \) be the g[t]-module generated by an
element w, » with the following relations:

(F @L)wyn =0, (h&t wya = 6roAtv)(Wwyn, (7 @O+, 0, (2.1)
(2 @ () F A /2TYy (2:2)

for all i € [1,n], h € h, r € Z, and a € R". An inspection of the defining relations
shows that

M (w3, 0) Zqg M(0,w;) =4 V(wi), M(0,2w;) =4 V(2w;), i€ [1,n] (2.3)
M(V +UJZ‘,2)\0) gg[t] M(V,Q)\Q —|—w2) (24)
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Since the defining relations of M (v, \) are graded, it follows that the module M (v, \)
is a Z-graded g[t]-module once we declare the grade of w,  to be zero. In the case
when A = 0 it is known (see [7]) that the relations in (2.2) are a consequence of the
relations in (2.1). In particular the module M (v, 0) is just the local Weyl module, which
is usually denoted as Wie(v) and is defined by the relations given in (2.1) with A = 0.
The local Weyl modules are known (see [7]) to be finite-dimensional and since M (v, A)
is obviously a quotient of Wi,.(v + ), it follows that M (v, \) is also finite-dimensional.
Moreover standard arguments show that

dimHomgy(V (), M(v,\)) #0 = v+ A —peQT,
dim Homg(V (v + A), M (v, X)) =
This discussion shows that the set {chg M (p1,0) : p € Pt} (resp. the set {chg, M(0, p) :

w € P*}) is linearly independent and that the Z[q, ¢~ 1]-span of the set contains ch V'()),
X € Pt It follows that we can write,

chgy M (v, \) Z 95, 2(q) chge M (12,0 Z R, \(q) chgy M (0, ), (2.5)
pnepPt peEP+

for some g, ,,h, \ € Clg| satisfying,
gyt =1=h30 gh =hl, =0 if Atv—p¢QT. (2.6)

(In what follows we shall assume that 95, =0 if one of A, u, v are not in PT.) The linear
independence of the characters implies that for all v, u € P¥,

Z hl/()gO,u :51’4‘: Z gg,uhz’,O' (27)

nwepPt p'ept

It was shown in [6] that Wie.(v) (or equivalently M (v,0)) is graded isomorphic to a
Demazure module occurring in a level one representation of the affine Lie algebra sl 1.
Using [23] it follows that

Chgr M()\,O) = P)\(Z,q,()),

and hence we have

chgy M (v, \) Z 95z Pu(z,4,0). (2.8)
pnepPt

Remark. The more usual definition of the Demazure modules in the affine case is by
using an element of the affine dominant integral weights and an element of the affine
Weyl group. To make the connection with this definition, let w, be the longest element
of the finite Weyl group and let Ay be the affine dominant integral weight associated to
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the zero node of the affine Dynkin diagram. Choose w in the affine Weyl group such that
the weight v+ Ay = wowA; where A; is a fundamental weight. Then M (v, 0) corresponds
to the Demazure module V,,(A;).

It is known (see [9] and the references in that paper) that the module M (0, \) is
isomorphic to a Demazure module (denoted in the literature as D(2,\)) occurring in
a level two representation of the affine Lie algebra ,;\[nJrl. In this case one makes the
connection with the usual definition of Demazure modules by choosing an element w of
the affine Weyl group which makes A +2A¢ = wow(A; + Aj) here 1 < i,j <n.

2.8.  The following is the key result needed to prove the main theorem.
Proposition. For \,v,u € Pt with (v, \) compatible, we have
ghy =gt ghtr bl = pl. (2.9)

The proof of the first equality can be found in Section 3.2 while the proof of the second
equality is in Section 4.

2.4. Proof of equality (1.5) and Theorem 1

Using the second equality in Proposition 2.3 and equations (1.3), (2.5) we get

Z PG Lu( = P,(2,¢,0) = chg M (v,0) = Z ph chgy M (0, p).
pnepPt pepPt

Since M (w;,0)

= V(w;) we have Gy, (2,q) = chg M(0,w;) and an induction on the
partial order on PT

(recall that the coefficient matrix is invertible) proves that
G.(z,q) = chgy M(0,p) for all p € P,

Using (1.3) and (2.5) again we have

Z a\Pyu(z,q,0) = Gx(z,q) Z 9o.» Chgr M (11,0 Z o Pu(2,4,0).

nept pnep+ pnep+

The linear independence of the Macdonald polynomials implies that
ah =gy, forall pe Pt. (2.10)
Using the first equality in Proposition 2.3 and equation (1.4) we now have
Gua(z,q) = chge M(v, ) if (v,\) € PT x Pt compatible.

Since the modules M (v, \) are finite-dimensional and each graded piece of the module
is a g-module it follows that G, x(z,¢q) is Schur positive.
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2.5. The proof of Proposition 2.3 requires a deeper understanding of the modules
M (v, A) and we now state the key representation theoretic result of this paper.

Proposition.
(i) Let (v,\) € PT x P be a compatible pair.
(a) If v(hj) > 2 for some j € [1,n] there exists an exact sequence of g[t|-modules,
0— TEF)\O+V)aj)_1M(V —aj,A) > M, \) > M(v —2w;, A+ 2w;) — 0.

(b) If v € PT(1) with maxv < minA\; = m and p = min(\; — wy,,) > 0 we have
an ezact sequence of g[t]-modules,

0—>Tg )M(z/—f—wm,h)\—am,p—wm,l)—>M(1/+wm,)\—wm)

(Nam,p

— M(v,\) = 0.

(ii) If X\ € P*(1) and m € [1,n] with m < min\, we have an ezxact sequence of g[t]-
modules,

0= T M(Wm—1, A+ wWma1) = M(wWm, A+ wim) = M(0, A+ 2w,,) — 0.

2.6. From now on we prove Proposition 2.5. As a first step we establish the existence
of the appropriate right exact sequences. Part (i) was proved in [24] and we just indicate
the main steps. For part (a) notice that since (v, A) is compatible it follows that if
v(h;) > 2 then either Ay = 0 or min A; > j + 1. In this case the existence of the map
M, \) = M(v —2w;, A+ 2w;) — 0 is trivial from the defining relations and also the
fact that (z; ® tFA0.5)=1yg  is in the kernel of the map. One then proves that this
element generates the kernel and that there exists a well-defined map

M (v —aj,A) = U(glt]) (z; @ @A) .

The proof of part (b) is similar. This time one proves that there is a canonical map M (v+
Wiy A—Wp,) = M (v, \) — 0 whose kernel is generated by (a::n’p®t%()"a"hp))wu+wm,)\,wm.
One then proves that there exists a well-defined map

MV + w1, A = Qi p = win—1) = U(glH]) (27, @ 2 X2y 4 -

m,p

The proof of part (ii) is similar, but since this is not in the literature, we provide all
the details for the reader’s convenience. An inspection of the defining relations shows
the existence of a surjective map of g[t]-modules

M (wmy A+ wim) = M(0, A+ 2w,,) — 0,
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whose kernel is generated by the elements
(x; ®ﬂ<A+°Jm><ha>/21) Wor Aty O € BT, Mha) €274, wm(he) =1.  (2.11)

Taking o« = vy, we see that (z,, ® t)wy,, At+w,, 1S in the kernel and we claim that it
generates the kernel. For the claim, let & € R be as in (2.11) and write

m—1 n
a=p+an+vy, pBE€ ZZ+041-, v € Z 7.
i=1 i=m+1

If 8,7 € R™ then (A + wy,)(hg) = 0 and (X + wm)(hy) = A(hy); hence the defining
relations of M (v, \) give

(xg ®1)(z; ® t[/\(hw)/ﬂ)(x; @ VW, At = (T, @ t[(me)(h“)m)wwm,Aerm-

Otherwise either 5 =0 or v = 0 and an identical argument gives the claim in this case.
We now show that the existence of the morphism

Tl*M(wmflv A+ Wm+1) - M(wma A+ wm)v W, 1 Awmpr 7 (x;z ® t)wwm,/\erm'

The proof that (z;, ®t)w.,, A+w,, Satisfies the relations in (2.1) is elementary. It remains
to show that

(z; ® twmfl(ha)+f(>\+wm+1)(ha)/21)(x;l @ ) We, A, =0 (2.12)
and for this we consider several cases. If @ = «,, the relations
(hm @ 1)(z,, @ )W, Adwn, = (A + 2w — @) (b)) (2, @ )W, Atwn, =0
and
(@ ® (@0, @ Yoo, Aoy, = 0
imply that
(z,, ® 1)(7,, ® )Wy, A\tw, =0
since M (W, A + wy,) is finite-dimensional g-module.
If v is in the span of {o; : 1 < j <m—1} or {ej : m+1 < j < n} then (2.12) follows
from the relations

(l‘; ® t[A(ha)/Q-\)me7/\+wm =0, [33‘_ JJ;] = 0.
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Suppose that & + @, € R' and « is in the span of {a; : 1 < j < m — 1} (resp.
{aj :m+1 < j <n}) and we have

[To,2,,] = Lot s wWmn—1(ha) =1, wn(ha) = wmt1(ha) =0,
(resp. [mc_wx;z] =Tota,,: wmfl(ha) =0= wm(ha)a wm+1(ha) =1).
The defining relations of M (wp,, A + wy,) give

(z2 ® t1+M(ha)/21)wwmwam =0=(x,

ata

@ tCHR)/2)y,

W s A+ Wi

and (2.12) follows in this case.
Finally we must consider the case when o = f + a,, + v with wy,—1(hg) =1 =
Wm+1(hy). Then z, and x;, commute and since

win—1(ha) + [(A + wmt1)(ha)/2] = wim(ha) + [(A + wi) (ha) /2]
we see that (2.12) becomes the relation

(:C;n ® t)(l'; ® tWM(ha)+"()‘+WM)(ha)/21 )wwm,)\-i-wm — 0’

in M (wpm, A+ wp). This completes the proof of the existence of the right exact sequence
in (ii).
In particular, we have proved that for (v, \) compatible
dim M (v, A) < dim M (v — 2wj, A + 2w;) + dim M (v — a;, A), v(h;) > 2, (2.13)

and if A\=2)g+ A and v € P+(1) with m = max v < min A\; = p, then

dim M (v, A) < dim M (v — wp,, A + wi) + dim M (v — Wy, + Win—1, A — Wp + Wpt1).
(2.14)

If A € P*(1) and m < min A then
dim M (Wi, A 4+ W) < dim M (wp—1, A + Wint1) + dim M (0, A + 2wy,). (2.15)

2.7.  To show that the right exact sequences established are exact it suffices to prove
that equality holds in (2.13), (2.14) and (2.15). This requires some additional work and
we begin with the definition of the fusion product of two g[t]-modules. Given a module
V for sl,41[t] and z € C denote by V*# the sl,,11[t]-module with underlying vector space
V and action given by,

(z@thw=(z® (t+2)")w, x€slpy1, r€Zy, weV.
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Suppose that V;, V4 are cyclic finite-dimensional sl,, 11 [t]-modules with cyclic vectors v;
and vy respectively. It was proved in [11] that if 27, 29 are distinct complex numbers, then
the tensor product Vi** ® V5 is a cyclic sl,41[t]-module generated by v; ® va. Further
this module admits a filtration by the non—negative integers: the r-th filtered piece of
Vit @ V5? is spanned by elements of the form (y; @ t°1) -+ (ym @ t°)(v1 ® v2) where
m >0, Y1, yYm € Slpt1, 1, ,8m € Z4 and s; + --- + S, < 7. The associated
graded space is called a fusion product and is denoted Vi** x V2. It admits a canonical
50,11 [t]-module structure and is generated by the image of v; ® vy and,
dim (Vi % V52) = dim V3 dim V5.
Part (i) of the following proposition was proved in [6] while parts (ii) and (iii) were
proved in [9] and [24] respectively. Note that the M(v,0) is denoted as Wi,.(v) and
M (0, A) is denoted as D(2, A) in those papers. Part (iv) was proved in [2] and establishes
the exactness of the sequence in Proposition 2.5(i)(b) when v = 0.
Proposition.
(i) For all vi,vs € PT where v = vy + va, we have
dim M (v,0) = dim M (v, 0) dim M (v, 0).
(ii) Suppose that X\, € Pt with A = 2X\g + A1 are such that \g — u € P™. Then
dim M (0, A) = dim M (0, A\ — 2u) dim M (0, 24).
(iii) For \,v € PT we have
dim M (v, A) > dim M (v,0) dim M (0, A).
(iv) Form € [1,n] and A\ € PT(1) with m < min A = p, we have
dim M (wp,, A) = dim M (wyy, 0) dim M (0, \)
and there exists a short exact sequence of g[t]-modules

0= 77 M(wm—1,\ —wp + wpt1) = M(wm, A) = M0, A+ wy) — 0.

Proof. We give an outline of the proof of (iii) given by Wand in [24]. First, the author
constructs a surjective map

M(v,\) - M(v,0) x M(0,\)
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where M (v,0) * M(0, ) is the fusion of the two modules M (v,0) and M (0, \) (recall
that briefly the fusion product is a graded tensor product of graded modules, originally
defined in [10]). Let v, x, v,, and v, be the generators of M (v, X), M (v,0) and M (0, \)
respectively. The surjective map is defined in the natural way by mapping the generator
Uy, to v, * v,. Next, we verify (see [24, Section 3.2, Theorem 14] for details) that the
defining relations (2.1) and (2.2) for M (v, \) are satisfied by v, *v,,, which is proven using
the definition of the fusion product. Once the surjection is established, the dimension
inequality follows immediately. O

2.8. Let (v,\) € PT x Pt be a compatible pair. Then,

o if v(h;) > 2, for some j € [1,n] the pairs (v — 2w;j, A + 2w;) and (v — a;, \) are
compatible.

o If v € PT(1) with maxv < min \; = m, the pair (v + wy,, A — w,y,) is compatible. If
in addition p = min(A; —wy,) > 0, then the pair (v+wm—1, A — Qmp —Wm—1) is also
compatible.

We shall use this observation freely in the rest of the paper. Define a partial order on
the set of compatible pairs as follows:

NS W\ if v+ Xd—1V =N et \{0} or Y+ N =v+Aandv -1 € PT.
We claim that the elements {(0,w;) : 7 € [0,n]} are the minimal elements with respect
to this order. To see this, suppose that (v, A) is compatible. If v(h;) > 2 for some
J € [1,n] the pair (v — 2w;, A + 2w,) is compatible and less than (v, \). If v € P*(1)
and m = minv > 0 then (v — Wi, A + wy,) is compatible and less than (v, A). If v = 0

and i € [0,n] is such that A —w; € QT \ {0} then (0,w;) < (0,\) and hence the claim is
proved.

The following result shows that equality holds in (2.13), (2.14) and (2.15) and completes
the proof of Proposition 2.5.

Proposition. Let (v, ) be compatible.
(i) For all (v, \) we have,
dim M (v, A) = dim M (v, 0) dim M (0, \).
(it) If v(h;) > 2, then

dim M (v, A) = dim M (v — 2w, A + 2w;) + dim M (v — o, A).
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(iii) If A =2Xo + A1 and v € PT(1) with m = maxv < min \; = p,
dim M (v, A) = dim M (v — wp,, A + wiy) + dim M (v — wpy, + Win—1, A — Wp + Wpt1).
() If \ € PT(1) and m < min \ then
dim M (W, A + wp) = dim M (wyn, 0) dim M (0, A + w,y,)

= dim M (Wm—1, A + wmt1) + dim M (0, A + 2w.y,).

Proof. The proof of (i)-(iii) proceeds by an induction on the partial order on compatible
pairs. Induction begins for the minimal elements, since

dim M (0, w;) = dim M (w;,0) = dim V(w;), @ € [0, n].

Before proving the inductive step we note the following. Using Proposition 2.7(i) and
the character theory of sl,, we get for all j € [1,n],

dim M (2w;,0) = (dim V(w;))? = dim V (2w;) + dim V (w;_; ) dim V (w;+1)
= dim M (0, 2w;) 4+ dim M (2w; — ¢, 0)

Assume that the result holds for all compatible pairs (v/,\') < (v, \). Suppose that
there exists j € [1,n] with v(h;) > 2. Then Proposition 2.7(iii) and (2.13) give

dim M (v,0) dim M (0, A) < dim M (v, ) < dim M (v — 2w;, A + 2w;) + dim M (v — o , A).
Using the inductive hypothesis and part (ii) of Proposition 2.7 we get,

dim M (v — 2wj, A + 2w;) + dim M (v — aj, A)
= dim M (v — 2w;,0) dim M (0, A + 2w;) + dim M (v — «;,0) dim M (0, \)
= (dim M (v — 2w, 0) dim M (0, 2w;) + dim M (v — «;,0)) dim M (0, A)
= dim M (v,0) dim M (0, A),

as needed.
Suppose that v € PT(1) with m = minv. If A = 2, the isomorphism in (2.4) gives

dim M (v,2Xg) = dim M (v — wp,, 20 + Wi )-

Since (V — Wy, wim + 2X0) < (¥, 2)g) the inductive hypothesis, equation (2.4) and Propo-
sition 2.7(ii) give
dim M (v — wp, 20 + wp,) = dim M (v — wyy, 0) dim M (0, wy, + 2Ag)
=dim M (v — wy, 0) dim M (w,y,, 0) dim M (0, 2X¢) = dim M (v, 0) dim M (0, 2)¢),
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where the last equality follows from Proposition 2.7(i).
If v € PT(1) with minv =m and p = min \; > 0 Proposition 2.7(iii) and (2.14) give
dim M (v, 0) dim M (0, A) < dim M (v, \) <
dim M (v — Wi, A + wiy) + dim M (¥ — w + Win—1, A — Wp + Wpt1).

The inductive hypothesis applies to the modules on the right hand side of the preceding
inequality and so we get

dim M (v — Wi, A + wyy,) = dim M (v — wyy, 0) dim M (0, A + wyy,)
= dim M (v — wy,, 0) (dim M (wy,, 0) dim M (0, A)
— dim M (wy,—1,0) dim M (0, A — wy + wpt1))
=dim M (v,0) dim M (0, ) — dim M (v — Wy, + Wim—1, A — wp + Wpt1)
where the second equality follows from Proposition 2.7(ii) and (iv). For the last equality
we use Proposition 2.7(i) and the inductive hypothesis. This completes the proof of part
(i)-(iii) of this proposition.
The proof of part (iv) is similar with (2.15) showing that it is enough to prove

dim M (w,, 0) dim M (0, A + wy,) = dim M (wim—1, A + Wmt1) + dim M (0, A + 2wy, ).

We proceed by a downward induction on m. If m = n then A = 0 by our assumptions
and the result is known from our initial observations since M (wy,,wm) = M (2w, 0).
For the inductive step, Proposition 2.7(iii) and (2.15) give

dim M (wyy,, 0) dim M (0, A + wy,) < dim M (wim, A + win)
< dim M (wpm—1, A + wimt1) + dim M (0, A + 2w,y,)

Using Proposition 2.7(ii), we have

dim M (0, 2wy, + A) = (dim M (2wy,, 0) — dim M (wy,—1, 0) dim M (w41, 0)) dim M (0, A).
(2.16)

If we let p = min Ay then (wp41,A) is compatible if p > m + 1 and part (i) of this

proposition applies; if p = m + 1 the inductive hypothesis on m applies to (w41, A).
Hence

dim M (w41, 0) dim M (0, A) = dim M (0, A + wym41) + dim M (wp, A — wp + wpi1)-

Multiplying through by dim M (w,,—1,0) and using the fact that (wp,—1, A + Wmr1) is
compatible we have
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dim M (wy,—1, 0) dim M (wy,4+1,0) dim M (0, A) =
dim M (wim—1, A + Wmt1) + dim M (wy,—1, 0) dim M (W, A — wp + wpt1)
Substituting in (2.16) and using the fact that (wy,, A — wy, + wpt1) is compatible gives

dim M (wm—1, A + Wimt1) + dim M (0, A + 2w,,)
= dim M (wp,, 0) (dim M (wy,, 0) dim M (0, A)
— dim M (wp,—1,0) dim M (0, A — wy + wp41))

= dim M (wp,, 0) dim M (0, A + wyy,)

where the last equality follows since (w,,, A) is compatible and we can use part (i) of this
proposition. 0O

The following corollary proves the second assertion of Theorem 2.
Corollary. For (v, \) compatible, we have an isomorphism of g[t]-modules
M (v, A\) = M(v,0) « M(0, ).

Proof. Recall that we proved in Proposition 2.7(ii) that there exists a surjective map of
g[t]-modules

M(v,A) =» M(v,0) « M (0, A).
The corollary is immediate from part (i) of Proposition 2.8. O
3. The elements g/, |

We analyze recursive formulae for gff’  Which follow from Proposition 2.5 and establish
(see Section 3.2) Proposition 2.3 for the elements g, ,. We also give closed formulae for the
gﬁ , and establish a technical result which will be needed in the study of the polynomials
h .

3.1.  The next result is an immediate consequence of Proposition 2.5

Lemma. Assume that (v, \) is compatible. If v(h;) > 2 for some j € [1,n] we have for
be{g,h}

Aotw,a;)=1pp

W qp
bu,)\ - bV72wj,)\+2wJ- +4q v—o,\’

and if v € PT(1) with maxv < min \; = m and p = min(\; — w,,) > 0,
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1
=p* 3 (Xam,p)
VtWm A=W, bu,)\ +q2 or bu+wmflg)\7am,p7wmfl'

Finally if X € PT(1) and m < min A\ we have

bgm,7>\+<&)m, = bg,)\—&-Qw + qbwm 1A+ W1 (31)

Proof. If v(h;) > 2, then Proposition 2.5(i)(a) gives an equality of graded characters
chge M (v, \) = chge M (v — 2w, A + 2w;) + ¢ 02D~ chy, M(v — i, A).

Using (2.5) and equating coefficients of M (u,0) (resp. M (0, 1)) on both sides gives the
first assertion of the Lemma when b = g (resp. b = h). The proof of the other assertions
is identical. O

3.2.  We show by induction on ht A that if (v, A) is compatible, then

gy =gl

If ht \ = 0 this follows since g}, = 0., = goo - For the inductive step we consider
various cases.

Suppose first that Ay = 0 and let j € [1,n] be such that (\o,ca;) > 0. Then (v +
2wj, A — 2w;) is compatible and we have,

()\0+wj+l/,05]‘)71 M

no— gt _
g - gl/+2wj,k—2wj q gu+2wj—o¢j,k—2wj

(A+u v 42w;) RV —2w; (Notwj+v,a;)—1+(A+v—oaj—p,v+2w;—aj) H—V—2wjta;
Jor—2w;  — 4 90,x—2w,

O ( p—v — Qo

;) ot
ch;.Jj7/\—2c;.)J ’ gw_] 1+w1+17)\ 2"-’))

) g

g )\ .
Here the first equality follows from Lemma 3.1, the second and third follow from the
inductive hypothesis applied to the compatible pairs (v+2w;, A —2w;), (V+2w; —a;, A —
2w;) and (2w;, A —2w;), (2w; — aj, A — 2w;) respectively. The fourth equality is a further
application of Lemma 3.1.

Ifht A\; =1 and m = min A\; then (v + wy,, A —wyy,) is compatible. Since A —wy, = 2Ag
the isomorphism in (2.4) and the inductive hypothesis gives

K = ag" _ (OFr—pvtwm) U Wm =y (A+y o) =V
gu,wm—i-Q)\o - gu+wm,2)\0 =9 " gO,Q)\g - gw,,,,?)\o

— A Fr—p) p—v
=4 90,0m+220"

For ht A\; = r > 2, let m = min A\; and p = min(A\; — wy,). Since (v + wpm, A — wy,) 18
compatible, Lemma 3.1 gives
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_ q(”""%kaamwp) H

B M
Jux = Jvtwm,A—wnm gy‘i‘wmflv)\_wm_“}p"rwm#»l.

The inductive hypothesis applies to both terms on the right hand side and so

gu — q(/\+u—u,u+wm)gu—l/—wm _ q(u+%)\,ozm,p)+()\+y—am,p—u,y+wm,1)gH—V—UJm71
[Z9N 0,A—wm, 0, A=W —Wp+Wm1?
— sAtv—pu) ( p—v _ sV p) sV
=4 gwm,k—wm q° i gwmflv)\_wm_wp+wp+1 ’
_  p—v
=90, >

where the second equality is again an application of the inductive hypothesis and the
final equality follows from a further application of Lemma 3.1.

3.3. We establish some further properties of the polynomials g(‘i \-

Proposition. For A € Pt with A = 2)\g + A1 and m = min \;, p = min(\; — wy,), we
have,

Z q%("’“)g&)\ =0, (3.2a)
pnepP
9or 70 = (A= pws) < (N\as) forall 1<s<m, (3.2b)
Iox = Gorer, — 41 =0,0)90, "0 s Ao =0, (3.2¢)
—2w; —2w; o .
o = Jor-su; ~ W0 r-50, » Ao =wj and j+1<m. (3.2d)

Proof. Recall that the pairs (W, A — wy,) and (Wpm—1, A — @ p — Wm—1) are compatible
if m > 0 and also that if (A9, ;) > 0 for some j € [1,n] then the pairs (2w;, A — 2w,)
and (2w; — aj, A — 2w;) are compatible. Hence Lemma 3.1 and the results of Section 3.2

give
maA— —Wm (N om m—1,A— ) = Wm—
gg,)\ = q(w #)gg)\fwm - (1 - 51070)(12( o)+ (wm—1 #)gO,)\famTp*wmfl’ m >0,
(3.3)
o (2w A —p) M 2w Xosj)+(2wj—aj A—aj—p) H—2w;j+aj
Ghr = q( j )907)\_21%_ —q( 0,0 )+(2w; —ay; j )907/\—233- i (3.4)

An obvious induction on ht A proves (3.2a), where we use (3.3) if m > 0 and (3.4) if
m = 0.

We prove (3.2b)-(3.2d) and notice that in all cases m > 0. If ht A\ = 0, then p = 0
and the statement is obviously true. Suppose that (3.2b) is true for all v € P+ with
ht v < M. We prove that the inductive step holds when A € P*(1) with ht A\ = M. Note
that gg’ , # 0 only if one of the terms on the right hand side of (3.3) is nonzero. Since
ht(A — wy) = M — 1 =ht(A — aynp — wWim—1) we see that
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Jorem F0 = (A= p,ws) <(A=wm,as) < (N as) foralll<s<p,

A—wWm

H—Wm—1

907)\_am,pwm71 7é 0 = (>\ - N»ws) < ()\,as) - (wmfhas) - (Oém,paas - ws)v
1<s<r,

where 7 = min(\ — Wy—1 — ). Notice that 7 > p > m. Hence if g5 \“7 # 0 it is
clear that (3.2b) holds for g . If ghiem—t # 0 then observing that

OvA_am,,me,—l
()\,Oés) - (Wm—has) - (am,paas - ws) = ()\aas) 1<s<m,

we see that the inductive step is again proved. If A ¢ P7(1) the inductive step is proved
by using (3.4) in a similar manner. To establish (3.2¢) it is enough to note that (3.2b)
applied to (A — wm, t — wi,) and (A — app — Win—1, t — Win—1) gives

g(l)l”;fgm 7& 0 = ()‘ - /’(‘70‘}771) = 07 gﬂ_wmfl 7é 0 = (A A am7p7wm—1) =0.

07)\7am,pfwmfl

To establish (3.2d) recall that A\ = w; and j+1 < m. This means that (A —2w;, a;) =
0. Since A — u € Q@ when gg;gj% # 0, we get by applying (3.2b) to (A — 2w, i — 2w,),
that

GonZa, #0 = 0< (A= pw;) < (a7, A — 2w;) =0,

Next, applying (3.2b) to (A — 2w;, 4 — 2w; + ;) in the two cases that s = j — 1 and
s = j+1 and noting that A\ — p—a; € Q" when gﬁfii‘jfaj # 0 a similar argument gives

—ij (e %]
95720.)]-—’_ #O = (wj—17)‘_aj_u):05 (wj-i-l?)‘_aj_:u)zo'

Hence, (2w; —aj,A —a; —p) =0. O
8.4.  We shall need the following result in the next section.

Proposition. For m € [1,n] and A € P*(1) with m < p =min X\ we have

" M H=wWm—-1 (A 2wy —pu, W7,) =W
Geons Abeom = 9042w, T Q90 At 11 = 4 " " 90 Ao ® (3.5)

Proof. We prove the first equality. For this, we note that the third equality in Lemma 3.1
gives
o At = I0 0420 T 491 Mt

Using Proposition 2.3 on the compatible pair (wy,—1, A + wm+1) shows that the previous
equation can be rewritten as,
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14+ (wm—1, A 2wy —am—p) gﬁ«*wm—l

I — M
orm Mrwm = 902 +2w,, +4q 0, A+ wWm41”

Hence it suffices to show that (wpy—1, A + 2w, — ayy — 1) = 0. For this we recall that
gg /\irwnmirl 0 unless A — g+ w41 + wm—1 € Q1. This forces
(Wrn—1, A + 2wy, — @y, — 1) > 0.

On the other hand, using (3.2b) (with s = m — 1) we see that gg;::j;Ll # 0 gives

0< A+ wm-1—p+wmt1,wm-1) <A+ Wni1,0m-1) <0

where the last inequality hold since, min A > m and the proof of the first equality is
complete.

We prove the second equality of (3.5) by a downward induction on m. If m = n then
A =0 and

— W H—Wm—1

gO Wm, = 5/‘A_Wmvwm7 g0,0 = 6/“_Wm—170'

Hence when m = n the second equality of (3.5) follows if

_ B
0,20, = 90,20, T QOpwn_:-

However, this is precisely (3.4) applied to 2w,. For the inductive step we use (3.2c)
applied to the compatible pair (w,, A) and either (3.2¢) or the inductive hypothesis to

(Wm+1,A) to get

w H—=Wm —Wm—1

_ M 2wm
gO )\+wm gO A - ng A—wptwpi1?

H—Wm—1 __ —2Wmtam H—Wm—1—Wm
gO )\+wm+1 gOA qgoA wptwp1?

and hence we must prove that

1% _ A 2w — ity Wi ) L H—2W — 2wt
Gy, = (O F2em T ) gh 2 gl 2om e )
_ (A F2wm—p, wm) H—Wm—1—Wm
q(q " " q)go A— wptwpy1”

Using (3.2b) we see that

gO/\ wp+wp+1 #0 = A —p+2wn —mp,wm) =0 = (A+ 2w, — p,wn) =1,

GEE £ 0 = (A + 2w — pwm) =0,
and hence it suffices to prove that

iz _ Bh—2wm 2wm+am
Yo x+2w,, = 90,1 qgo A
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If p > m + 1 the pair (2w, A) is compatible and the preceding equation is precisely
(3.4). Suppose that p=m + 1 and A = wy,+1 we have

q(wm+17wm+1+2wm—u)gﬂ—wm+1 _ gu _ g“
0,2wm, Wm41,2Wm 0,wm414+2wm

Hence we must prove that

6"-’7n+1;,uf_2w7n = 5H_Wrn+172wm - qéﬂ_wvn+l72w7n_a7n + q5wm+1;ﬂ_2wm+am’

and this is clear. Finally suppose that p = m + 1 and r = min(A — w,) > 0. Using
the fact that (w1, A — Wm+t1), Cwm, A — Wimt1) and (2w, A — Wipt1 — Wr + wWyp1) are
compatible, and using Lemma 1 and Section 3.2 gives the following equalities:

P=2Wm _  H=2Wm —Wmtl o —3Wm, M~ Wm1 MWy

90,7 - g07)\_wm+1 ngJ\—merl—wr-i'errl - gme,/\—wm+1 qgmeJ\—wm—@erl,r’
_ H—Wm 1 H=2Wm 41 —Wm—1\ =W, =W —Wm—1—Wm+t1
- (gOJJr?wm*wm-H + ngJ\*wm+1 ) (gOaA+wm7am+l,r + qgo,)\*wm*am+1,r )

_ H—Wm+1 _ =W H—=Wm1—Wm—1 H—Wm—1—Wm+1
- (gO,)\+2wm*wm+1 qgo»)\+wm7am+l,r) +q (gwm+1,/\*wm+1 qgwm7)\7wm7am+l,r)

A further application of (3.2d) to the first term and (3.2¢) to the second term show that
the right hand side of the last equality is precisely the middle of (3.5) and the inductive
step is established and the proof of the proposition is complete. 0O

8.5. A closed form for gy

We now give a closed form for the elements g(’i - Notice that these elements are
defined completely by the recursive formulae in (3.3) and (3.4) with the initial condition
9o = Ouo- Let p = 1Y wep+ e and for np = Y7 ki € QF set p° = D7 kjwi. A
simple checking using the ¢g-binomial identity

=4 + , m,s €2y
s S s—1

now shows that equation (3.4) forces,

9bon, =
0,20 2M0 — 1, w;)

_ (71)(2)\07u,p)q%(2>\0*u, pAp+(220—1)°) |: ()\O’ ai) :| . (36)
=1 (

Equation (3.2¢) now gives a closed form for g(‘i » When ht A\; = 1. To give a closed form

for g(’i » When ht A\; > 2 needs some additional work.

Given any subset S of P* and A € PT, les A\+ S ={\+p:p € S}. For s >0 and
A € PT(1) define subsets ¥4(\) = R9(A\)UXL(A) of PT recursively with initial conditions

YO =X, 25N =0, 2%wm) =2 wn) =0, m<€0,n], s>0.
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If s > 0 and ht A > 2 with m = min A\, p = min(\ — wy,), then we take
YON) = wm + 2N — win)
and we take

Z; (\) = {Zgl()‘ —amp)s Alhpt1)
{A—amp}, Alhpt1) =

I
= o

, s=1.

Lastly, if s > 2 and A(hp11) = 1, then we take

Y = (2wpr1 + 20 (A = 2wp11 — Wmp)) U (2wpr1 — api1 + 20 oA —2wpi1 — @ p))-
Here we understand that if 37(X\) = () for r € {0,1} then so is the set v + X% (\).

We give a few examples of the sets ¥s5(A). For m < p,

{wm +wp}, s=0,
0, s>0,

{wm—l + wp—i—l}a §= ]-7

Y wm =
s(w +wp) {0)7 S;él

Z(s)(Wm +wp) = {

For m <p <,

{wm +wp +wr,} s=0,
S (Wm +wp +wr) =  {wm +wpo1 Fwrpr}, s=1,

@, otherwise,

{wm-1+wpt1 +twr}, s=1,
Sa(wm +wp +wr) = {wm1 +wp +wrp1}, §=2,

() otherwise.

Our final example is A = wy, + wp + w + w, with m < p <€ < r. This is the first time
we see the dependence on A(h,41) and the non-empty sets are listed below:

{wm +wp +we +wr}, s=0,
Z(s)()‘) = {Wm + wpfl +WZ+1 +wr> Wm + wp + We—1 +wr+1}a s = ]-7

{wm +wp—1 +we +wrgr}, s=2,

{Wm-1+wpt1 +we +wr}, s=1,

{wm—1 +wp +wep1 +wr, W1 +Wpp1 +wem1 Fwrp1} s=20F#p+1
{Wm-1+wp+wep1 +wr} s=2 and {=p+1,
{Wm-1+wp+we+wry1}, s=3 and £#p+ 1
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Lemma. If A € PT(1) and p € X4(\) for some s > 0, then

plhi) =0 for k <min X =1, plhmiwr) <land X\—pe Y Zyap.  (3.7)

k>min A
In particular the sets 7 (\) and X7, (\) are disjoint unless (s,r) = (s',77).

Proof. The proof of the displayed statements is immediate from the definition of ¥ (\)
and a straightforward induction on ht A\. The same induction also shows that the sets
¥7(A) and X7, (\) are disjoint for r € {0, 1}. It remains to prove that X0(A) N XL(A) = 0.
Assume for a contradiction that p is an element of the intersection. If m = min A then
since u € BY(\) we can write u = w,, + v and so by (3.7) we have v(hg) = 0 for all
k < min(A — wy,) —1 < m and so p(hy,—1) = 0. On the other hand since p € BL, (\) we
also have that p is in one of the following sets:

Eg’—l()‘ - amyp)a {)‘ - amyp}a
(2wp41 + E(5)71()‘ = 2Wp+1 — Qi p)), OF

(2wp+1 — Qpy1+ 22—20‘ — 2wpy1 — am,p))~

The elements of these sets are non-zero on h,,_1, contradicting the fact that p(hpy—1) =
0. O

For A\, u € Pt with A = 2)\¢ + A1 and A\ # 0 we have

1 1 _ —
gél« — 2 /\1 )\) Z Z q2 (2)\0 2}1#‘1’11,1/)961«’2;0’ (38)
s>0 VEX (A1)

where we understand that the second summation is zero if 33(A\;) = 0. The proof is
a tedious calculation which amounts to establishing that the right hand side of (3.8)
satisfies equation (3.3).

4. The polynomials h!, ;(q)

4.1.  Recall from Section 1 that for v, u € PT with u = 2pg + 1, we defined

pﬁ % vApy, v—p) H |: M? UJ] + (I)J/Oaaj)
(v — p,w;

and p# = 0 if v or p is not in PT. It is easy to check that

ph = q(wj7’/ u)p57 w7 _’_q(l/()é]) 1]?,, o jel,n], V(hj) > 2

potan = avTrempl, i p(he) € 224
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In the rest of this section we will prove that
hyo=pl forall v,uc pt, (4.1)
which is the second assertion of Proposition 2.3.
4.2.  The next lemma proves (4.1) when ht p < 1.
Lemma. Let v € Pt and r € [0,n] be the unique integer satisfying v — w, € QT. Then
ek = qzvenvmens, ke [0,n).

Proof. The lemma is proved by induction on v with respect to the partial order on P™T.
If v = wy for some k € [0,n] then wy — w, € QT if and only if &k = r and the result
follows since hl,; = 0 if v — pu ¢ Q7 (see (2.6)). Assume the result for all ' € P* with
wr < V' < v, in particular we have ht v > 2. Using (2.7) and the inductive hypothesis
gives,

w Wi w 1 Wy — Wy
0=> " gbuhilo =M+ D gbuhitlo = hil+ 0k Y gh,a> W Her 7o) (42)

peEPT wi <p n<v
Equation (3.2a) gives

r (vtwe,v—wy) T (ptwr,p—wr) B _
q? +) g 90 =0,
p<v

and substituting in (4.2) proves the Lemma. 0O

4.8.  We need several properties of the elements h’lf N

Lemma. Suppose that (v,\) € Pt x Pt is compatible or that (v,\) = (wm,\) with
min A = m. Then

A+v—p',v) n
E : q 90,\ 'h w0
uept

Proof. Recall from Section 2 that

chye M(r, \) = > gl chye M(i',0) = > g\ bt o chy M(O, pr).
pept u,uePt

If (v, A) is compatible (resp. (v, A) = (Wm, A + wy,)) then using Proposition 3.2 (resp.
Proposition 3.4) gives

D Bl chg M(0, 1) = chy M(v,0) = Y g rig KU o Chge M0, ).
neP+t u pePt
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The lemma follows by equating coefficients of chg, M (0, 1). O

4.4. Suppose that (v, \) is compatible. Recall from Lemma 3.1 that,

hllf,)\ = hl;—ij,/\+2wj + q(u+>\0’aj)_lh5_aj7)\, if l/(hj) > 2, (43)
and if v € PT(1) with maxv = m < min A\; = p then
L m
hltf)\ = hltffwm,ﬂrwm + q2( @ ’p)hﬁfwm+wm_1,>\*wp+wp+1' (4'4)

Lemma. For (v, \) compatible and k € [1,n], we have

p2wr _ (Atv—pwi) p i
hu,)\+2wk =4q hu,)\?

and hence for j € [1,n] with v(h;) > 2,

hﬁ,)\ = q(A+u*#,w]‘)hN—2wJ‘ \ + q(V+/\°’Oé-7)71h“ (4.5)

v—2uwj, v—og,\"
Proof. The proof is by induction on the partial order on compatible pairs (see Sec-
tion 2.8). Induction obviously begins for the minimal elements (0,w;), ¢ € [0,n] since
ho » = Ox, for all A\, € PT. Applying the inductive hypothesis to the right hand side
of (4.3) we get if v(h;) > 2 for some j € [1,n],

b —(Av—pwr) [ pt2wk (v4+-Aotwr,a;)—1 1 pt2wi
h”a)‘ B hl’*2wj,/\+2wj+2wk +4q ’ hufaj7A+2wk

— o~ Atr—p,wk) p pt-2wk
=4q h’u,)\+2wk’

where the second equality follows by using (4.3) again on the compatible pair (v, A\+2wy,).
If v € P™(1) then the inductive hypothesis applied to the right hand side of (4.4) gives

o= Fr—pwr) (g pt2wk (No~+wWh »0tm p)+1 7, 2wk
h%/\ =4 hlszm,)\+wm+2wk +4q i hl/fw,,mtwm,l,/\+2wk7wp+wp+1

— o~ (A trv—pwi) ppt-2ws
=q hu,/\+2wk’

where the last equality is a further application of (4.4) to the compatible pair (v, A\4+2wy).
Equation (4.5) is now immediate from (4.3) and the proof of the Lemma is complete. O

4.5.

Lemma. Let m € [1,n] and A\ = 2\g + Ay € PT with m < min Xy if Ao # 0 and
m <min )y if Ao = 0. If p € P* with p(hy) € 2Z4 +1 and A+w, # p, then b, | = 0.
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Proof. If m < min \; we claim that a stronger statement is true; namely
hﬁm,A #0 = p=A+wy or ulhs) €2Z, for all s € [m,p].

We prove the claim by an induction on m with induction beginning at m = 0 since
ho s = Oxpu- If m > 1 then using (4.4) we have,

R\ =0 = p=XA+wy, or b #0

Wi, Wm—1,A—wp+wpi1

The inductive hypothesis applies to the pair (wpm—1, A — wp + wp41) and so

hN

W —1,A—Wp+Wp41

#0 = pu=A4wm—am,y or plhs) €2Z, forall s € [m—1,p+1].

Since (A1 4wy — @ p)(hs) = 0 for all s € [m, p] the inductive step follows and the claim
is proved.

It remains to prove the lemma when A € P*(1) and m = min ;. Then Lemma 3.1
gives

hl, »#0 = p=X+wyor h # 0.

Win—1,A—Wm +Wm41

If A — Wy, = W1 then the isomorphism in (2.4) gives

h#

Wim—1,2Wm+1

#0 <= p=wm-1+ 2Wm+1,

and the result follows in this case. Otherwise A — w;, # w41 and the result has been
proved for (wpm—1, A — W + Winm1). Hence

ht #£0 = p(hm) €224+ or p=X—wpy + Wnt1 + Wm—1-

Wi — 1A= Wm +Wmt1

Since (A — Wy + wWin+1 + wWim—1)(Am) = 0 the proof of the Lemma is complete. O
4.6. Proof of equation (4.1)

The equality obviously holds if v — p ¢ QF. If v — p = Y0 kia; € QT we set
ht, (v — ) = >, k; and proceed by induction on ht,(v — p). The induction begins
when ht,.(v — 1) = 0 since then v =y and hj, ; = 1. Assume the result holds for all pairs
(v, i) with ht,. (v — p) < N.

We prove the result for ht,.(v — ) = N by a further induction on ht y. Lemma 4.2
shows that this second induction begins when ht p < 1. Assume the result holds for all v
with ht, (v —p) < N and 1 <htp < s. If v(h;) > 2 for some j € [1,n] then the inductive
hypothesis on ht p (resp. ht,. (v — ) applies to the first (resp. second term) on the right
hand sides of (4.5) with (A = 0). Hence
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L U— —2w; Voo )—
h’llj,o = q(w17 M)p572$‘: + q( 7aj) 1pllf7aj = pﬁ.

In particular the inductive step has been proved for ht 1 € {s, s+ 1} provided that there
exists j € [1,n] with v(h;) > 2.

If v € PT(1) we let m = minv and consider two cases. If u(h,,) € 2Z4 + 1 we use
Lemma 4.5, followed by Lemma 4.3 applied to the compatible pair (wy,, v — wy,), to get

_ ok _ VWi —pt Wi ) 1 Iz
0=hl ., = E q( m m)go,yfwm hu’erm,O‘ (4.6)
p<v—wm,

If 4/ < v—wy, then ht,. (1 + wpm — 1) < ht- (v — ) and so the inductive hypothesis gives

® — M _ (W —ptwom,w =W () — Wi, w n—w
hp,'«i»wm,o — pH,erm — q( H m m)pul LC— q( I m m)hy,’,O m .

Substituting in (4.6), we have

0= hijo+qmmen) =g bl

0,v—wm ' “p’,0
W<U—wpm

Equation (2.7) and the inductive hypothesis applied to p — w,, now give

hlo = qmremIplmin = gz — pi
as needed.
It remains to consider the case when p(h,,) € 2Z 4 and v # p. Since (V+wp,)(hm) = 2,
it follows from the first part of the proof that

hitor o = phion =g Trempl. (4.7)

Using Lemma 4.5 and Lemma 4.3 for the pair (w,, ) gives

Wi m—H s wm) H —Wm g Pt Wm0
0= h/ Fwm _ Z q(u+w now )ggﬂ/ w hZ/ w ) (48)

Wi,V
W <vtwm

Since the inductive hypothesis applies to hztg ™ if u < v+ w,y, we have

’ ’
hﬁj‘g’m — Zj‘wm — q(u —u—wm,wm)plﬁj,_wm — q(u —u—wm,wm)hﬁl

—wm,0°

Substituting in (4.8) and using (2.7) we get

— pHtem (A—p,wm) wopp oy ptwm (A=W ) 7 1
0=hyion +4a Jol = P3is) —a hx-
<

An application of equation (4.7) completes the proof.
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